In this paper a quantum mechanics is built by means of a nonHermitian momentum operator. We have shown that it is possible to construct two Hermitian and two non-Hermitian type of Hamiltonians using this momentum operator. We can construct a generalized supersymmetric quantum mechanics that has a dual based on these Hamiltonians. In addition, it is shown that the non-Hermitian Hamiltonians of this theory can be related to Hamiltonians that naturally arise in the so-called quantum finance.
Introduction
In the origins of quantum mechanics P.A.M Dirac [6] observed that commutation relations
are satisfied by the operators x i , P j = −i∂ j and also by the set
with f been an arbitrary function [6] . For different reasons, operators (2) were discarded, for example, the Hamiltonian
is non-Hermitian and it could have a non-real spectrum. However, it has recently been shown that there are non-Hermitian operators with real spectrum [3] . Studies of non-Hermitian Hamiltonians and their applications in physics can be found in the papers [7] , [4] and [10] .
In this paper, we will show that, using the operator P (f )j , four different types of Hamiltonians can be built, two of these Hermitians and the other two, non-Hermitians. We will show that, from two Hermitian Hamiltonians in one dimension, it is possible to construct a supersymmetric mechanics, and that using one of the two non-Hermitian Hamiltonians a generalized supersymmetric mechanic can be constructed. Moreover, we will show that this new supersymmetric quantum mechanics has a dual and the ground state of the corresponding Hamiltonians will be found.
As a second point of this work, it is shown how the operator P (f )j can also be used to build some of non-Hermitian Hamiltonians that naturally arise in the so-called quantum finance.
Non-Hermitian Hamiltonians
In this section, we will study the quantum mechanics that emerges when the operator P (f )j is considered. As an starting point, we have to notice that the operator P (f )i is given by the transformation
and also that it is not Hermitian.
With P (f ) we can construct four Hamiltonians, two of them Hermitians
and two non-Hermitians
These Hamiltonians are obtained naturally in different contexts. In the following subsection, we will see that, they can be used to obtain a generalized version of the supersymmetric quantum mechanics.
Supersymmetric Quantum Mechanics
In the one dimensional case, the Hamiltonians H 1 and H 2 are given by
Moreover, if
then
This Hamiltonians can be used to form the matrix
Now, defining
we have
According to the supersymmetric quantum mechanics [5] , h represents a superhamiltonian and Q a supercharge. Therefore, the quantum mechanics built using P (f )i contains the usual supersymmetric quantum mechanics.
Moreover, P (f ) allows us to generalize supersymmetric quantum mechanics. In fact, we can define the matrices
and then Q 
with the conserved chargeṡ
now, if β = 0, we have Q 1 = Q 2 = Q and this quantum mechanics reduces to the usual supersymmetric quantum mechanics.
Besides, we have another quantum mechanics that reduces to the usual supersymmetric quantum mechanics. In fact, if 
Note that if β = 0 this Hamiltonian is just the usual superhamiltonian h.
If we make the transformation f → −f, we have
i.e
Then, there is a duality transformation between Hamiltonians H andH. Therefore these generalized quantum mechanics are duals. Now, if we consider the functions ψ 0 = A 1 e f , φ 0 = A 2 e −f that satisfy
Then, the wave function
satisfies
Moreover, the wave functionψ
Thus, ψ is the ground state of H andψ is the ground state ofH.
The Black-Scholes model
This model is a partial differential equation whose solution describes the value of an European Option. See [2] , [8] . Nowadays, it is widely used to estimate the pricing of options other than the European ones. Let (Ω, F , P, F t≥0 ) be a filtered probability space and let W t be a brownian motion in R. We will consider the stochastic differential equation (s.d.e.)
with a and σ continuous in (t, x) and Lipschitz in x. The price processes given by the geometric brownian motion S(t), S(0) = x 0 , solution of the s.d.e.
with µ and σ constants. It is well know the solution of this s.d.e. it is given by:
Let 0 ≤ t < T and h be a Borel measurable function, h(X(T )) denote the contingent claim, let E x,t h(X(T )) be the expectation of h(X(T )), with the initial condition X(t) = x. Now we recall the Feynman-Kac theorem [9] . Let v(t, x) = E x,t h(X(T )) be, 0 ≤ t < T , where dX(t) = a(X(t))dt + σ(X(t))dW (t). Then
and v(T, x) = h(x). (32)
Now, if we consider the discounted value
Then if at time t, S(t) = x, if we proceed in standard way,
The Black-Scholes equation is obtained substituting the above equalities in the equation (32) and multiplying by the factor e −r(T −t) :
0 ≤ t < T, x ≥ 0.
The Relation with the Black-Scholes Equation
The operators P f · P f and P † f · P † f are non-Hermitians, using them only nonHermitians Hamiltonians such as H 3 and H 4 , can be constructed. However, we will show that these operators may have applications in some other areas such as quantum finance. In order to see this, we define the potentials
and the non-Hermitians Hamiltonians
we have H II = H BSB .
As we have seen, several important Hamiltonians appearing in quantum finance are particular cases of this new version of quantum mechanics.
Summary
A quantum mechanics is built by means of a non-Hermitian momentum operator. Moreover, It is shown that using this momentum operator it is possible to construct two Hermitian and two non-Hermitian type of Hamiltonians. Using these Hermitian Hamiltonians we have built, a generalized supersymmetric quantum mechanics with a dual that can be constructed. It also shown that, the non-Hermitian Hamiltonians of this theory may be related to so-called quantum finance Hamiltonian.
